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Abstract 
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The paper deals with Hawking radiation from a general static black hole due to tunnelling of 
particle having non-zero mass. Due to complicated calculations, quantum corrections are calculated 
upto first order. The results are compared with those for massless particle near the horizon. 
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Hawking radiation is one of the most important effects in black holc(BH) physics. Classically, nothing can 
5— i [ escape from the BH across its event horizon. But in 1974, there was a dramatic change in view when Hawking 

[TJE] showed that BHs are not totally black, they radiate analogous to thermal black body radiation. Since then 
there has been lots of attraction to this issue and various approaches has been developed to derive Hawking 
radiation and corresponding temperature [3 IH [5j [7] . In recent years, a semiclassical method 0E] has been 
developed viewing Hawking radiation as tunnelling phenomena across the horizon. The basic idea behind the 
semiclassical approaches is to evaluate the imaginary part of the action(S) for the (classically forbidden) process 
of s-wave emision across the horizon and is then related to the Boltzmann factor to obtain Hawking radiation 
■ by the relation : 

T cx expj-^ (lmS out - ImS m )^ = ea;p j-^p-j (1) 

where E is the energy associated with the tunnelling particle and Tjj is the usual Hawking Temperature. 

At present, there are two commonly used aproaches to evaluate the imaginary part of the action — the 
null geodesic method and the Hamilton- Jacobi(HJ) approach. The first method was formulated by Parikh and 
Wilczek [81 considering null s-wave emitted from the BH. This method is limited to massless particles only. Also 
this method is applicable to such coordinate system only in which there is no singularity across the horizon. 
Srinivasan et. al. [101 111] did the pioneering work for HJ approach considering emitted particle without self 
gravitation and assuming the action satisfies the relativistic HJ equation. Tunnelling of both mass less and 
non-zero mass particles are possible in this approach and it is applicable to any coordinate system to describe 
the BH. 

Most of the studies [T^l [T3] dealing with the Hawking radiation are concentrated to semi-classical analysis. 
Recently, Banerjee et. al. [2] initiated the calculation of Hawking Temperature beyond semiclassical limit. 
They have considered tunnelling of massless particle only and evaluated the modified Hawking temperature 
with quantum corrections. 

In this letter, we consider tunnelling of particle having non-zero mass beyond semiclassical approximation. 
Due to non-zero mass the imaginary part of the action can not be evaluated using first approach, only HJ 
method will be applicable. Further, the complicated form of the equations involved restricted us to only first 
order quantum correction. 
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The Klein Gordon (KG) equation for a scalar field i/j describing a scalar particle of mass mo has the form 
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where the box operator '□' is evaluated in the background of a general static BH metric of the form 
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The explicit form of the KG equation for the metric © is 
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Due to spherical symmetry we can decompose cf> in the form 

i>(t,r,0,ct>)=$(t,r)Yr(6, 

where 6 satisfies [10] 
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If we substitute the standard ansatz for the semiclassical wave function namely 



cj>(t,r) =exp|--5(r,t) 
then the action S will satisfy the following differential equation : 
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and L 2 = 1(1 + l)h 2 is the angular momentum. To incorporate quantum corrections over 



where Eq = Wq H 

the semiclassical action we expand the actions in powers of Planck constant Ti as 

S(r,t)=S (r ) t)+-£ k h k S k (r,t) 



(9) 



Where So is the semiclassical action and k is a positive integer. Now substituting this ansatz for S in the 
differential equations (j5]) and equating different powers of Ti on both sides we obtain the following set of partial 
differential equations : 
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and so on. 

To solve the semiclassical action So, we start with the standard separable choice [TU] . 

S (r,t) =u t + D (r) 



di 
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Substituting this choice in equation (|10[) we obtain 
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where '+' or '— ' sign corresponds to ingoing or outgoing scalar particle. Now substituting this choice for So in 
equation (jllj) we have the differential equation for the first order corrections, Si as 
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As before Si can be written in separable form as 

Si =uJit + Di(r) 

where 
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Now due to complicated form if we retain terms upto first order quantum corrections, i.e., 

S = S Q + hSi = [lj + nun) t + {D + hDi(r)} 



(17) 
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then the wave function denoting ingoing and outgoing solutions of the KG equation ([6]) using (7) are of the 
form 

4> in = exp < (w + nuji t + Io + hh- M 2 ) > (19) 



and 



»out = exp 



(cJq + flUJi t — Io + foil — hl2 



(20) 



It is to be noted that in course of tunnelling across the horizon the coordinate nature changes, i.e., more precisely 
the sign of the metric coefficients in the (r, i)-hyperplane are altered. This we can interpret as that the time 
coordinate has an imaginary part in crossing the horizon and accordingly temporal part has contribution to the 
probabilities |14[ 115) . Thus incoming and outgoing probabilities are given by 



and 



P„ 



P„ 



\<t>ou 



exp — (imujo + t + Imlo + hli — Inihl^j) j- 



exp 



(wq — Tluji t — Imlo + hli — Imhl2 



(21) 



(22) 



In the classical limit h ^ 0, there is no reflection so all incoming particles should be absorbed and hence [17] 
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So from equaton (J2TJ) we must have 



as a result P ou t simplifies to 
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Using the principle of " detailed balance" [TOl HU US] namely 

, E 

P out = exp 
the temperature of the BH is given by 
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where the semiclassical Hawking temperature of the BH has the expression 
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Now, to obtain the modified form of the surface gravity of the BH, we start with the usual relation between 
surface gravity and Hawking temperature namely 
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where Tjj is given by equation 

So the quantum corrected surface gravity is given by 
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Further, for the present non-rotating, uncharged, static black holes using the law of black hole thermodynamics 
dM = ThdS we have the expression for the entropy of the black hole as 



Sbh = 
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Finally, it is easy to see from equation (|27|) that near the horizon the presence of Eq term can be neglected 
as it is multiplied by the metric coefficient A. Therefore, the quantum corrected (upto 1st order) temperature 
of the BH (in equation (|2"7| ) reduces to 
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and the Hawking temperature (given in equation 
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We see that if the energy of the tunnelling particle is chosen as ujq (i.e., E = luq) and u>i = (for notations see 
Banerjee et. al. |14j ) then the Hawking temperature given by equation (|32[) is the usual one derived for massless 
particles and the quantum corrected temperature Th given in equation (|33|) agrees with that of Banerjee et. al. 
[14) for massless particle. Therefore, hawking temperature near the horizon remains same for both massless and 
non-zero mass tunnelling particle and it agrees with the claim of Srinivasan et. al. |10) and Banerjee et. al j!4j . 
For future work, it will be interesting to calculate temperature of the BH for tunnelling non-zero mass particle 
with full quantum correction and examine whether the result agrees with that of Banerjee et. al. [14] near the 
horizon. Finally, it will be nice to determine quantum corrected entropy of the black hole in a convenient form. 
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